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Local direction: gradient vector field.

v(x) = (f0 ! h1, f0 ! h2)! = ("f0 ! h2, f0 ! h1)

Orientation Field Computation
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Fig. 2. Structure tensor fields Tf0 (x) computed with an increasing smoothing factor !. The ellipsoid at some location x is aligned with the principal axis
u1(x) of the tensor Tf0 (x) and its aspect matches the anisotropy "1(x)/"2(x), see equation (1) for the notations.

In contrast to integral curves of vector fields, these flow lines
are not oriented because they do not depend on the sign
±!(x). Figure 3, right, show some examples of flow lines.

Umbilic points. Singular points of an orientation field are
called umbilic. The simplest way to define them is to use
the oiriginal tensor field T (x) = Tf0(x) from which !(x)
has been computed, as explained in section II-A. If the field
!(x) is given without any reference to a tensor field, then
T can be inferred as a smoothing of a rank-one tensor field
T = (!!T) !G!(x).

An umbilic point x is a point where T (x) is isotropic, mean-
ing T (x) = "Id2. At such a singular point, the orientation
field ! exhibits a point-wise singularity. These points can be
detected as the intersection of two level sets

T (x) =
!

a(x) b(x)
b(x) c(x)

"
= "Id2 "#

#
a(x)$ c(x) = 0,
b(x) = 0.

The set of umbilic points is denoted as P(!). Figure 4, left,
shows some textures together with the location of the umbilic
points.

Umbilics f0 and S(!)
Fig. 4. Left: the singularity level sets {a(x) ! c(x) = 0}x (in red) and
{b(x) = 0}x (in blue). The umbilic points are located at the intersection
of these two level sets. Right: the singular points and the set of separatrices
S(!).

Separatrices. Some flow lines # = #x1,x2 plays a special role
because they link together two singular points x1 % P(!) and

x2 % P(!). The set of separatrices is denoted as

S(!) = {#x1,x2 \ x1, x2 % P(!)} .

This set of curves segments the pixels into disjoints cells
[0, n] & [0, n] =

$I
i=1 Ci where each region Ci is delimited

by singular curves, which means S(!) =
$

i $Ci.

C. Computation of a Directional Vector Field
The orientation field !(x) is the parameter used in this paper

to describe the geometry of the texture f0. However, in order to
turn this geometry descriptor into a computational tool useful
for the grouplet processing, one needs to find a directional
vector field

!̃(x) = %(x)!(x) with %(x) % {$1,+1},
that is as smooth as possible. Finding a globally smooth
vector field !̃ is not possible in general because of topological
incompatibilities. One can however find a suitable vector field
outside the set of strucutural singularities which are given by
the set of separatrices S(!), as explained in section II-B.

The sign field % is found by optimizing the smoothness of
!̃ = %! outside S(!). In the discrete setting, one solves the
following minimization

min
"

%

x

&&&
&&&%(x)u1(v)$ 1

|Vx|
%

y!Vx

%(y)u1(y)
&&&
&&&
2
.

where y % Vx is a direct neighbor of a point x (for instance
using the 4 connectivity over the image domain) such that the
segment [x, y] does not cross a singularity curve in S(!). By
relaxing the binary constraint % % {$1,+1} to % % R, one
solves the following linear problem

'x, %(x) =
1

|Vx|
%

y!Vx

%(y)(u1(x), u1(y)). (3)

In order for the system to be uniquely solvable, one needs
to set additional constraints {%(zi) = 1}I

i=1 to fix the overall
sign under-determinacy, where each point zi % Ci belongs to
a cell of the separatrices segmentation.

Equation (3) requires to solve a sparse linear system and the
un-signed orientation field !(x) is then turned into a signed
vector field that defines the local direction of the geometry

'x, !̃(x) def.= sign(%(x))!(x).

Figure 5 shows an example of directional vector field compu-
tation. One can see that the discontinuities of !̃ are aligned
with the separatrices, which was not the case of the original
dictional flow ! which exhibits arbitrary discontinuities.

Tensor field: structure tensor averaging.

Local orientation: eigenvector field !(x) : not directional.

Tf0(x) = (G! ! (vvT))(x) = G! !
!

v2
1 v1v2

v1v2 v2
2

"
(x)

Tf0(x) = !(x)(!(x)!(x)T) + !!(x)(!!(x)!!(x)
T
).

!(x) ! !!(x) ! 0 x

!(x)
!!(x)

!!0 (x)
!0(x)
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by computing an optimized geometry that parameterizes the
representation.

This paper proposes to use a new adaptive grouplet rep-
resentation for texture analysis and synthesis. This approach
offers the adaptivity needed to capture anisotropic patterns
together with a statistical model that retains only marginals
of the grouplet coefficients.

Contributions. The first contribution of this paper is the
description of a new implementation of the grouplet transform.
This corresponds to a specific instance of the original grouplet
framework [1] that is well suited for the analysis of locally
parallel textures. The second contribution is a new inpainting
method that makes use of this grouplet transform. The resolu-
tion of such an inverse problem requires the optimization of
both the geometric flow parameterizing the grouplet frame and
the grouplet coefficients. The last contribution of this paper is
a new texture model based on statistics of both the geometric
flow and the bandlet coefficients. This model can be used to
perform realistic synthesis of turbulent textures.

II. GEOMETRY ESTIMATION

In order to process some input texture f0 ! RN of N pixels,
one needs to estimate the local texture orientation !(x). This
local orientation is not directional since geometric structures
in a locally parallel texture do not have a specific direction. It
means that at some point x, both !(x) and "!(x) are equally
suitable to describe the texture.

This section describes how to extract such an orientation
field !(x) from a texture f0. While ! is the only parameter
used to construct our grouplet processing, the implementation
of the grouplet transform requires to order the pixels of the
image. This in turn necessitates to find a coherent direction
for the flow lines of the field ! and is formalized by the
computation of a directional vector field !̃(x).

A. Local Orientation Estimation

The local direction of the edges in an image f0 is captured
by the vector orthogonal to the gradient #xf0. This gradient
is computed numerically on the discrete grid {0, . . . , n" 1}2

as the convolution against two directional derivative filters

v(x) = (f0 $ h1, f0 $ h2)! = ("f0 $ h2, f0 $ h1)

where hi(x) =
!G!

!xi
(x), G!(x) =

1
"
%

2#
exp

!
" x2

2$2

"

where the scale $ should be of the order of one pixel.
While v is suitable to estimate the direction of step edges in

images, it cannot be used directly to estimate the orientation
of locally parallel textures such as those depicted on figure 1.
Indeed, the gradient vector vanishes at the top of ridges or
at the bottom of valleys. This problem may be alleviated by
pooling locally the orientation information, which corresponds
to averaging the orientation of v(x) without its sign.

This local non-linear pooling corresponds to a local covari-
ance analysis, summing the outer products of gradient vectors
in a local region to generate a tensor field [3], [5]. Specifically,

the structure tensor Tf0 is defined as a local averaging of the
rank-1 tensor field vvT

Tf0(x) = (G" $ (vvT))(x) = G" $
!

v2
1 v1v2

v1v2 v2
2

"
(x)

and where the convolution is applied on each component of
the tensor. Figure 2 shows an example of tensor field Tf0

estimated from the gradient at different scales ". In order to
get a robust estimate of the local texture orientation, this scale
" should match the width of the texture oscillations, which is
a few pixels in the numerical examples of this paper.

Each symmetric tensor Tf0(x) is decomposed as a sum of
two rank-1 tensors

Tf0(x) = %1(x)(!(x)!(x)T) + %2(x)(!!(x)!!(x)
T
). (1)

where the eigenvalues are %1(x) ! %2(x) ! 0 and
(!(x),!!(x)) are the corresponding orthonormal eigenvec-
tors. The dominant eigenvector !(x) indicates the local direc-
tion of the texture.

This orientation field !(x) is unit normed ||!(x)|| = 1 and is
not directional since one can use indifferently !(x) or "!(x)
in the decomposition (1).

f0 and ! (&x(t))t
Fig. 3. Left: a texture f0 together with the orientation field !(x). Right:
some flow lines (!x(t))t of the orientation field.

B. The Topology of an Orientation Field

In order to better understand and process an orientation field
!, one needs to study its global structure. This structure is
revealed from its topology, as shown for instance in [26], [27].
The main objects of interest are flow lines, umbilic points and
separatrices, which define locations where an orientation field
exhibits a structural singularity.

Flow lines. A flow line ('(t))t is a curve everywhere tangent
to the orientation field !

& t, '"(t) ' !('(t)) = 0. (2)

Linear flow: ODE integration.
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Grouplet Transform

wavelet
transform

6

! = 0 ! = 1 ! = 2 ! = 3 ! = 4
Fig. 6. Upper row: association fields A! for various scales ! (the field is sub-sampled by a factor 2! for display purpose). The orientation field ! that
drives these associations is computed from the texture f0 shown on the bottom row of figure 3. The color indicates the value of V!(x), ranging from 0 (blue)
to n2 ! 1 (red). Bottom row: some examples of grouplets basis functions (b!

m)x for some sampling location m.

Input: image f and association fields (A!, V!)!.
Output: coefficients (d!(m))!,m and weights s.
Initialization: set f̃ = f and !m, s(m) = 1. Iterations: for

each ! = 0, . . . , L" 1,
for each m with increasing V!(m), define

m̃ = A!(m), S = s(m) + s(m̃)

and set

d!(m) = (f̃(m)" f̃(m̃))
!

s(m)s(m̃)/S,

f̃(m̃) # s(m)f̃(m) + s(m̃)f̃(m̃)
S

,

Normalize coarse scale:

!m $ Gn, dL(m) = f̃(m)
!

s(m).

Input: coefficients (d!(m))!,m, weights s
and association field (A!, V!).

Output: image f .
Initialization: set f̃(m) = dL(m)/

!
s(m).

Iterations: for each ! = L" 1, . . . , 0,
for each m with decreasing V!(m), define

m̃ = A!(m), S = s(m̃)" s(m)

m1 = f̃(m̃)"
d!(m)

!
s(m)!

Ss(m̃)
,

m2 = f̃(m̃) +
d!(m)

%
S!

s(m̃)s(m)
,

and set s(m̃) # S and
f̃(m̃) # m1, f̃(m) # f̃(m) + m2

2
.

Table 2: Fast forward (left) and backward (right) grouplet transform algorithm.
pyramid tight frame, which has a redundancy of J + 1, see
[21]. This wavelet-like transform has the advantage of being
non-oriented, which leaves the processing of orientation to the
grouplet transform alone. The set of coefficients fj can then be
further re-transformed using the grouplet transform explained
in section III-B.

The projection of each fj on a grouplet frame B(!) gener-
ates the following set of coefficients

! dj,!(m) = &fj , b!
m' = &f, b!,j

m '

where b!,j
m is the wavelet-grouplet basis vector defined by

b!,j
m =

"

k

b!
m(k)"j

k $ RN .

This set of vectors (b!,j
m )!,j

m is a wavelet-grouplet tight frame
Bw(!) of RN composed of (J + 1)(L + 1)N vectors. The
wavelet-grouplet forward transform corresponds to the compu-
tation of the coefficients (dj

!(m))!,j
m of a given image f in the

tight frame Bw(!). This algorithm first computes the fj using
the fast translation invariant wavelet transform, see [21] and
then apply the fast grouplet transform, listing 2, left, to each
of these fj . The fast backward wavelet-grouplet transform
first applies the backward grouplet transform and then the
backward wavelet transform.

IV. INPAINTING WITH GROUPLETS

The inpainting problem corresponds to restoring an image
from which a set " ( {0, . . . , n " 1}2 of pixels is missing.
More formally, it corresponds to the inversion of the ill posed
linear problem y = #f where y is the image with missing
pixels and # is the following mapping

y = #f where (#f)(x) =
#

0 if x $ ",
f(x) if x /$ ".

(5)

Classical methods for inpainting use partial differential equa-
tions that propagate the information from the boundary of " to

grouplet
transform

8

Fig. 8. Iteration of the inpainting process that modifies the image to obtain a sparse representation in an adapted wavelet-grouplet basis.

Observation y Result f!

Fig. 9. Examples of inpainting with grouplets.

1) Initialization: set f (0) = y, t0 = tmax = ||f || and i = 0.
2) Geometry detection: compute the flow !(i) adapted to

f (i) by computing the eigenvector direction flow as
detailed in section II-A.

3) Sparsity enforcing: update the estimate by thresholding
in !(i)

f̃ (i+1) = Sti(f
(i),Bw(!(i)))

where the thresholding operator is defined in (9).
4) Enforce the value of known pixels.

f (i+1)(x) =
!

f̃ (i+1)(x) if x ! ",
f(x) if x /! ".

5) Stop: if i < imax, set ti+1 = ti " tmax/imax, i # i + 1
and go back to 2.

Table 3: Iterative inpainting algorithm.

V. TEXTURE SYNTHESIS WITH GROUPLETS

The problem of texture synthesis consists in creating a new
texture f visually similar to a given input exemplar f0. This
requires a careful statistical modeling of the set of typical
textures together with an algorithm to sample at random a
new image from these statistical constraints.

A. Grouplet Texture Model
Our texture model for locally parallel textures is based on

non parameteric statistics of the wavelet-grouplet decompo-
sition. Similarly to the work of Heeger and Bergen [12],

we retain only marginal statistics of the decomposition. In
contrast to classical work on texture modeling over multiscale
decompositions [12], [14], [15], our texture model also needs
to constrain the geometry of the texture. This is performed
by computing separate marginal statistics for the grouplets
coefficients and for the geometry of the texture.

The resulting texture model uncouples the underlying ge-
ometry from the texture patterns. This decoupling is valid for
locally parallel textures that have a turbulent behavior.

Texture f ($f, !j
k%)k ($f, bj,"

m %)m

Wavelets histogram Grouplets histogram

0

0

!

0.1

0.1

0.1!

0.1

f ,!j
k

f
,!

j k

0

0

!

0.1

0.1

0.1!

0.1

f, bj,
m

f
,
bj
,

m

Wavelets conditionals Grouplets conditionals
Fig. 10. Statistical analysis of wavelets coefficients (!f, !j

k")k and wavelet-
grouplets coefficients (!f, bj,!

m ")m for j = 1 and " = 1.
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order for such a model to be efficient, these coefficients should
correspond to realizations of approximately independent ran-
dom variables with the same distribution. It is well known
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Fig. 11. Iterations of the synthesis algorithm 4. The exemplar texture is the upper row of figure 5.

Fig. 12. Texture synthesis using the same geometry as the exemplar texture. Top: original ; bottom : synthesized.

Input: exemplar f0, orientation flow !.
Output: synthesized texture f .

1) Initialization: set f !random.
2) Learn the model: Compute the geometric flow of f0 as

detailed in section II-A. Compute the wavelet-grouplet
coefficients (d!,0

j (m))m of f0 in Bw(!0).
3) Forward transform the texture: compute the wavelet-

grouplet coefficients (d!
j(m))j,!

m of f in Bw(!).
4) Project on grouplet constraints: for each (j, !), perform

the histogram equalization

d!
j ! Pd!,0

j
(d!

j)

as explained in equation (10).
5) Backward transform: retrieve f from the wavelet-

grouplet coefficients (d!
j(m))j,!

m .
6) Projection on gray-level constraint: equalize the pixel

histogram
f ! Pf0(f).

7) Stop: while not converged, go back to 3.

Table 4: Texture synthesis algorithm.

C. Texture and Geometry Synthesis

In order to define a full texture model from a texture
ensemble T (!), one needs to synthesize also the orientation
flow ! from the geometry !0 of the exemplar f0. Since an
orientation flow ! is not a directional vector field, one needs

to perform the following mapping

! = (cos("), sin(")) "#$ #(!) = (cos(2"), sin(2")).

The backward mapping #!1 is computed similarly by halving
the angle of a unit-norm vector.

The resulting field #(!) is smooth excepted at umbilic
points P(!) of the orientation field. The wavelet decompo-
sition is able to represent efficiently functions with pointwise
singularities, see [21]. Our geometry synthesis algorithm thus
iteratively constraints the wavelet marginal distributions of
each coordinate of #(!). This corresponds to the use of Heeger
and Bergen algorithm [12] to synthesize the flow after the
mapping by #. One notes that while this wavelet domain
modeling makes sense for the geometry !, the texture f itself
requires the use of a more complex and adaptive transform
such as grouplets. This is because a locally parallel texture
exhibits elongated singularities not captured by wavelets. The
corresponding geometry synthesis algorithm is detailed in
pseudo-code 5.

Figure 14 shows examples of synthesis that combine the
algorithm 5 for the synthesis of the geometry ! and the
algorithm 4 for the synthesis of the texture f % T (!). The
comparison with the wavelet-domain synthesis [12] shows that
our method enhances this multiscale synthesis by creating
elongated geometrical structures. The comparison with a state
of the art computer graphics method [19] shows that the visual
quality is slightly below such a patch-recopy approach. The
grouplet synthesis is however able to generate new geometric
patterns not present in the original texture (like vortices or
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Exemplar f0 Synthesis #1 Synthesis #2 Synthesis #3 Synthesis #4
Fig. 13. Texture synthesis using a synthesized geometry. The complexity of the orientation flow ! is increased from left to right by adding umbilic points.

circles). Recent computer graphics methods such as [20] are
also able to generate textures along a geometry given by the
user. They rely on a warped patch re-copy that differs from
the transformed domain modeling exposed here.

Input: exemplar orientation field !0.
Output: synthesized orientation field !.

1) Initialization: set ! !random.
2) Wavelet transform the exemplar: Compute the mapping

(!0
1,!

0
2) = !(!0). Compute the wavelet coefficients

!j,0
! = ("!0

!, "j
k#)k of each coordinate for # = 1, 2.

3) Wavelet transform: Compute the mapping (!1,!2) =
!(!). Compute the wavelet coefficients !j

! =
("!!, "j

k#)k of each coordinate for # = 1, 2.
4) Project on wavelets constraints: for each (j, $,#), per-

form the histogram equalization

!j
! ! P"j,0

!
(!j

!)

as explained in equation (10).
5) Backward transform: retrieve each coordinate !! from

the wavelet coefficients (!j
!)j

k for # = 1, 2. Compute
the orientation field as ! ! !!1(!1,!2).

6) Re-normalize: ! ! !/||!||.
7) Stop: while not converged, go back to 3.

Table 5: Geometry synthesis algorithm.

VI. CONCLUSION

This paper proposed a new grouplet transform adapted
to the geometry of locally parallel textures. This adaptive
representation is able to capture the regularity of turbulent
textures by using elongated basis vectors following the geom-
etry of the texture. The corresponding set of coefficients is thus
highly sparse and independent which makes this representation
suitable for various processing tasks. The geometric content
of the image is handled separately from the regularity of
the texture along the flow and both can be optimized to
perform image inpainting and texture synthesis. For locally

parallel textures, this splitting of the geometry (modeling
of !) and the regularity along the flow (modeling of the
wavelet-grouplet coefficients) is efficient because they do not
interact with each other. More advanced models could include
correlation between the geometry and the grouplet coefficients,
which certainly occur in natural images where the geometry
influences the regularity, for instance because of occlusion and
shading.
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Fig. 8. Iteration of the inpainting process that modifies the image to obtain a sparse representation in an adapted wavelet-grouplet basis.

Observation y Result f!

Fig. 9. Examples of inpainting with grouplets.

1) Initialization: set f (0) = y, t0 = tmax = ||f || and i = 0.
2) Geometry detection: compute the flow !(i) adapted to

f (i) by computing the eigenvector direction flow as
detailed in section II-A.

3) Sparsity enforcing: update the estimate by thresholding
in !(i)

f̃ (i+1) = Sti(f
(i),Bw(!(i)))

where the thresholding operator is defined in (9).
4) Enforce the value of known pixels.

f (i+1)(x) =
!

f̃ (i+1)(x) if x ! ",
f(x) if x /! ".

5) Stop: if i < imax, set ti+1 = ti " tmax/imax, i # i + 1
and go back to 2.

Table 3: Iterative inpainting algorithm.

V. TEXTURE SYNTHESIS WITH GROUPLETS

The problem of texture synthesis consists in creating a new
texture f visually similar to a given input exemplar f0. This
requires a careful statistical modeling of the set of typical
textures together with an algorithm to sample at random a
new image from these statistical constraints.

A. Grouplet Texture Model
Our texture model for locally parallel textures is based

on non parameteric statistics of the wavelet-grouplet decom-
position. Similarly to the work of Heeger and Bergen [?],

we retain only marginal statistics of the decomposition. In
contrast to classical work on texture modeling over multiscale
decompositions [?], [?], [?], our texture model also needs
to constrain the geometry of the texture. This is performed
by computing separate marginal statistics for the grouplets
coefficients and for the geometry of the texture.

The resulting texture model uncouples the underlying ge-
ometry from the texture patterns. This decoupling is valid for
locally parallel textures that have a turbulent behavior.
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Sparsity and independence. Our statistical model is based
on marginal distributions of set of transformed coefficients. In
order for such a model to be efficient, these coefficients should
correspond to realizations of approximately independent ran-
dom variables with the same distribution. It is well known that
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