Jean-Frarcois Aujol

CMLA, UMR CNRS 8536

Image decomposition by variational models

Workshop on Models and Images for Porous Media

Paris, January 12-16, 2009



u+ v decomposition :

+  oscillatory component (V)

u+ v+ w decomposition :

Initial image ( f) geometry ( u) + texture ( v) + noise ( w)
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Linear ltering

Noisy image ( = 35)
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Rudin-Osher-Fatemi model

(Physica D. 1992)

Problem of image restoration { degraded image,u restored image) :

f = Ru+n

A way to reconstruct u :

irL]f lzlkf {zR uk§+ I_{(Zu}

data term

regularization

Here we will assume thatR = Id.

In the ROF model, one usesL (u) = J(u) with :
Z Z

J(u)=  jDuj=sup u(x)div( (x))dx= 2 CZ ( ;RY);k k1 ( ri)

R
If uis regular,thenJ(u) = jr ujdx.
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Rudin-Osher-Fatemi model

Settingv=f u, the problem can be rewritten :

1
inf J(u) + =—kvkj
(uv)2BV L2=f=u+v () 2 2

But the L2 norm does not measure oscillations.
Example : =(0 ;2),and f,(x)=cos(nx).

The larger n, the more oscillatory f, is.

kfnk?,, = 3.

=) Need to choose another norm which goes to 0 whein, oscillates.
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Meyer's model

Y. Meyer (2001) has proposed the following model :

| +
(uv)2 vafG:f =u+v (J (W) kvkc)

The Banach spaceG contains signals with strong oscillations, and thus in
particular textures and noise.

De nition : G is the Banach space composed of generalized functiomavhich
can be written

V=@t + @9 =div(g)
with g; and g, in L* .

n O
kvkg =inf kgki =v=div(0);0=(01;%); etk 2 L' ;jg(x)j = joj?+ jorj?(X)

Example: =(0 ;2),and f,(x)=-cos(nhx)= %sin(nx) 0
Then kf kg  %.
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Example

Remak :

Geometrical image

Images TV L2 G TV=G
Textured image 1 000 000| 9500 | 360 86
Geometrical image 64 600 9 500 | 2 000 1
(G. Strang 1982)
R
kf k = Su e
0 7 ¢ P P(E; )

=) Notion of scale (Strong-Aujol-Chan, MMS 2006)
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Some models

We use the notation : 7
J(u)y= |Du]

TV L2 model (Rudin-Osher-Fatemi) :

inf J(u)+ kvk?Z,
(uv)2BV  L2=f=u+v

TV G model (Meyer) :

Inf J(u)+ kvk
(u;v)ZBVInG:f:u+V( (u) vkc)

TV E model (Meyer) (E Besov space) :

inf + kvk
(u;v)ZBVInG:f :u+v(J (u) VKe)

TV F model (Meyer) (F=div(BMO) space) :

inf J(u)+ kvk
(u;v)ZBvlnG=f=u+V( (u) VKEg )
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Some other models

TV H ! model (Osher-Sole-Vese)

Inf J(u) + ka2
(U V)ZBV H =f=u+v ( ) H 1

TV W 1P model (Vese et al)

inf (J (u)+ kaW 1;p)
(u v)2BV H =f=u+v

TV-Hilbert model (Aujol-Gilboa)

inf J(u)+ kvkf
(U V)2BV H =f=u+v (u) H

TV L' model (Nikolova) :

Inf (J(u)+ kvk_ 1)

(uiv)2BV  Li=f=u+v

Sparse-based approaches (Starck-Elad-Donoho, Daubechkideschke, ...).
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Discretisation

An image is a two-dimensional vector of sizeN N.

We denote by X the Euclidean spaceRN N ,Fr;md Y =X X.X is embeded
with the Euclidean scalar product : (u;v)x = v Uij Vij and the norm :
kuky = P (u;u)yx .

If u2 X, thanr uis avectorinyY given by :
(rwiy =(r whswg)

The discrete total variation of u is then given by :

X . .
J(u) = j(r u)ij |
1 i;j N

iij

We also introduce a discrete version of the divergence. We dee it as in the
continuous case

div=r

wherer isthe adjointofr :ie., forallp2Y andu2 X,

( divp;uyx =(p;r u)y
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Discrete G space

De nition :
G=1fv2 X =9g2Y suchthatv=div(g)g

andifv2 G :

kvke = inf tkgk; =v=div(Q);

g
9=(0%9%) 2 Yijgiji= (g5)2+(d3)?

wherekgky =maxi; jgi j.
Moreover, we denote :

G =1fv2 G =kvkg g

0o

J.F. Aujol
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Properties

Proposition :
J(u) = sup (u;Vv)x
VZGl
and
kvke = sup (u;V)x
J(u) 1

In particular, one hasJ (v) = g,(v) whereJ (v)=sup((u;Vv)x

8
S 0ifv2 G
G, (V) =, .
- +1 otherwise
Proposition : G can also be written :

X
Xo=fv2 X = vi;j:Og

]

J(u)) and

J.F. Aujol
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Chambolle's projection algorithm

A. Chambolle has proposed an e cient algorithm to compute Pg (f), the
orthogonal projection of f on G (MIA 2002, JMIV 2004).
We want to solve the problem :

min k div(p) fki =p2X X jpyj 18i;j =1;:::;N
Algorithm ( xed point) :
p’ =0
R G CUCONREI)T
k I+ j(r (div(p") f= ))i; |
Su cient condition for the algorithm to converge
Theorem : |If 1=8, then div(p") converges toPgs (f) whenn! +1 .
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Variant of Chambolle's projection algorithm

min k div(p) fki =p2X X jpij ] 18] =1;:::;N
Algorithm (projected gradient) : (Chambolle 2004)
p’ =0
oIt = piy + (r (div(p") f=))i

S max Lph + j(r (div(p?) = )i ]
It can be proved that (Aujol 2008, Duval et al 2008)
Theorem : |If 1=4, then div(p") converges toPg (f) whenn! +1 .

In practice, for typical image restoration problem, it appears to be 30% faster
than the original projection algorithm.

Remark : Faster but more complicated algorithms (based on Nesterow
schemes) can be used to compute the projection (Weiss et al @6, Aujol 2008).
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Solving ROF

Chambolle's projection algorithm can be used to minimize tre total variation
(MIA 2002, JMIV 2004).

. 1 5
u;réfv J(u)+2—kf uks

Proposition :  The solution of the above problem is given by :
u=*f Pg (f)
where P is the orthogonal projection on G .

We recall that :
G = fv2 G=kvkg g

J.F. Aujol 16



u+ v model ( A°BC)

(Aujol et al 2003)
We want to solve :

1
Inf J + —kf K3
(uv)2BV G (u) 2 4V

where
G = fv 2 G=kvkg g

The parameter controls the L? norm of the residualf u v. The parameter
controls the jj:jjg nhorm of v.

Remark :

It is a way to approximate the TV G model :

irl]f J(u)+ Kkf ukg

J.F. Aujol 17



Principle

We solve the two following problems :
v xed, we solve

. 1 5
uéréfv J(u) + 2—kf u Vvks

u xed, we solve

inf ki u vk3
v2G

The solution of (1) is given by :
a=f v Pg (f V)

where Pg is the orthogonal projection on G .
The solution of (2) is given by :

= Pg (f U)

(1)

(2)

J.F. Aujol
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Example

Zebra (

=1, =50 and

= 100)

Original image ( )

BV component ( u)

BV component ( u)

v + 150 :0

v + 150 :0

J.F.

Aujol
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Comparison with the Rudin-Osher-Fatemi
model :

Barbara ( =1 and =50)

u
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Besov spaces

De nition : B, is the usual homogeneous Besov space. Lety an or-
thonormal basis of smoothed wavelets with compact supportthen B_};l IS the

subspace ofL?(R?) of functions f such that :

X X
Gk < +1
27 k22Z2

where the ¢« are the wavelet coe cients of f .

De nition :  The dual space ofBj.; is the Banach spaceE = B*,; . Itis
characterized by the fact that the wavelet coe cients of a generalized function
inE =B, areinlt (z Z?).

Remark : We have
BY G E
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Another decomposition model

(Meyer 2001)
inf  (J(u)+ kvkg)

u+v="f

(Aujol-Chambolle 2004)

inf J(u)+ B (v=)+ Zikf u vk?

(Uv )2 X 2
where
B(w) = kale;l
and thus
B (v=)= e (V)
with

E = fv =kvkg g

J.F. Aujol
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Convex analysis

Proposition : (Chambolle et al, IEEE TIP 1998)
The solution of the functional :

inf ki uk?+2 B (u)

IS given byu = WST(f; ), where WST(f; ) is the wavelet soft thresholding
of f (with threshold value ).

Proposition :
The two following statements are equivalent :

1. & is a solution of
. 1
min B (u) + 2—kf uks

2. v=f o Is a solution of

. 3 1 5
min B (v=)+ 2—kf vks

Hence the solution of 2. is given byw=f WST(f; ).
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Minimization

We consider the two following problems :
v Xed, we compute u as the solution of :

. 1 5
ulgi J(u) + 2—kf u vk (1)

u xed, we compute v as the solution of :

- 2
vlzng kKf  u vk (2)

The solution of (1) isgiven by :&¢=f v Pg (f V).

And the solution of (2) isgivenby : ¢=Pg (f u)=f u WST(f u; ),
where WST(f u; ) corresponds to the wavelet soft thresholdingof f u
(with threshold value ).
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Comparison between the G and the E norm

Noisy image f ( = 35) Restored image Restored image

(E norm) ( G norm)

Original image
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u+ v+ w model

(Aujol-Chambolle 2004)
We propose to minimize the following functional :

Inf F(u;v;w)
(u;v;w )2 X 3

where

W 1

F(u,v;w)= J(u)+ J Yo B + 2—kf

We recall that :
J(v=)= ¢ (V)
B (w=)= g (w)

u

v wk?

J.F. Aujol
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Principle

v and w xed, u solution of :
. 1 5
ulznf( J(u)+ 2—kf u v wkg (1)

u and w xed, v solution of :

- 2
Vlzng kf  u v wk (2)

u and v xed, w solution of :

: 2
lenliz‘ kKf u v wk§ (3)

The solution of (1) isgivenby :&¢=f v w Pg (f Vv w).

The solution of (2) isgiven by : %= Pg (f u w).

The solution of (3) isgivenby .M =P (f u v)=f u v WST(f
u v; ).
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Results

Original image

A simple case (

Noisy image ( = 35)

s
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=1:0, Haar)
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Comparison

v +150:0 w + 150

v +150:0

First line : u+ v+ w algorithm. Second line : Gaussian ltering.
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Results

Barbara Image |

J.F.

Aujol
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Results

Barbara Image |1 (

J.F. Aujol
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Results

v +150:0

Barbara image Il (

=1:0, =

30,

w + 150

= 0:6, Daub8)
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Negative Sobolev norm

H=w"=1ff2L°=rf2L%

H 1:W 1;2: W&;ZO
We set : 0 1.,
X
kuky = kr uky = @ ir uij j2A
1 i N

The associated polar semi-norm is :

kvky 1 = sup (v;u)x
kUkH =1

One can show that

kKuky 1 = P (u; Lu)x

(easy to compute with the discrete Fourier transform)

J.F. Aujol
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Osher-Sole-Vese model

Osher-Sole-Vese have introduced the following functiona{fMMS 2003)
. 1 5
'ﬂf J(u) + 2—kf uky 1

They compute the associated Euler-Lagrange equation, andodve a fourth order
PDE.

Remark : No residual in this model.

Other approaches :Daubeshie-Teschke 04 (wavelets based algorithm), Aujol-
Chambolle 04 (projection algorithm), ...
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Denoising

Noisy image f (

= 35)

Restored image ( G)

Restored image (OSV)

Noise (G)

Noise (OSV)

J.F. Aujol
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Image decomposition

Original image f

u (G)

Uosv

v (G)

Vosv

J.F. Aujol
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TV-Hilbert

Aujol-Gilboa 2004 :
inf - J(u)+ Ekf uk?,
K is a linear positive symmetric operator, and
H;,ging = I, Kg i e
1. WhenK = Id, then H = L? =) ROF model
2. When K L'thenH=H '=) OSV model

J.F. Aujol
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Projection algorithm

infJ(u)+ Ekf uk?, (1)

It iIs possible to adapt Chambolle's projection algorithm to this functional
(Aujol-Gilboa 2004).

Algorithm :
p’ =0

and |

e _ PG+ (r (K Hdiv(p")  f )y

A N (N COEr T COR S
Theorem : |If stk then 2K tdivp® ! ¢asn!1 , andf
1K Idivp" ! 0 asn ! 1 , where#is the solution of problem (1) and
¢=1f 0.
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Filtering

K K 1
12 w 4
_D-l
10f — L2 (1)
— Gabor™ 3/
8, i
X 6 U 2
4+ ]
1,
\ \/
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

f f

Fig. 1{The kernel K and its inverseK ! for the OSV, ROF and the proposed
TV-Gabor model.

J.F. Aujol 41



Texture

Textures are periodic elements.
=) A simple way to characterize a texture is by its main frequeng and direc-
tion.
=) This naturally leads us to consider Gabor functions :
1D Gabor function (frequency , bandwidth ) :
X2

1
g(x) =cos(2 Xx) pﬁexp 572

2D : considerg(x)g(y) or a rotationally symmetric Gabor function :

1 X2 y2

P
g(x;y) =cos 2 X2 + y? pﬁ exp 52
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A simple example

f corr(u;v)
0.2r
=S
5015}
5
(8}
0.1
0.051 ‘ L= ‘
0 5 10 15 20
Iterations
u \V}
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Results (1)
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Results (1)

TV -Gabor, u

TV-L?, u

J.F. Aujol
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Washington (1)

J.F. Aujol
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Washington (11)

u (TV-Gabor)

u(TVv L2

v (TV-Gabor)

v (TV L?)

J.F. Aujol
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Washington (111)

4v (TV -Gabor)

4v (TV

L?2)

J.F. Aujol
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Parameter selection problem
Aujol et al 2006

Estructure (U)+  Etexture (V); f = U+ v;
=) solution (u ;v ).
Problem : Find the right parameter

=) Very dicult problem (no 2 information as in the constrained denoising
problem).

Simplest suggestion (based on Mrazek work on image denoigh:

Assumption : The texture and the structure components of an image are not
correlated.

=argmin (corr(u ;v )):

Forthe TV L2 model:
O corr(u;v) 1,8 0:

We do not claim that we pick the best possible parameter, but @ood one.
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A simple image

Original image

corr(u;v)

Corr(u,v)
o o o
> o o

o
w

o
[N

o
=

10 20 30 40 50
Iterations

o

UROF

VROF

Ua2BC

Va2Bc
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Barbara (1)

0.25¢

o
N

Corr(u,v)

0.15¢

10

20 30
Iterations

40

50
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Barbara (Il)

UROF

Ua2Bc
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Barbara (lll)

VROF

Va2BC
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TV LY

Nikolova 2002 : relaxation algorithm

Z p

inf jr ui2+ 2+ kvk_:
(uv)2BV  Li=f=u+v

Chan-Esedoglu 2004 : PDE based algorithm
Z q Z q
inf jruj2+ 7+ f u?+ 3

Aujol-Gilboa 2005 : projection algorithm
. 1
inf J(u)+ =—kf u vkZ, + kvkg:
u,v 2

Minimisation of the exact energy :
Z

Inf jr u+ kvk_ 1
(uv)2BV  Li=f=u+v

*Yinn et al 2006 (second order cone programming based algdahm)

* Darbon-Sigelle 2006 (graph-cut algorithm, clearly the fasest algorithm to

solve this problem)

J.F. Aujol
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Comparison

u(Tv G)

v(TV G)

u(TV

v (TV

L1)

L1)
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Conclusions

Image decompostion has been the subject of many studies dugnthe last 6
past years. Just look at the UCLA CAM reports web page'!

Luminita Vese (UCLA) and her students have proposed many otler di erent
functional analysis spaces to model textures (as originayl suggested by Meyer
In his book) : BMO , Besov spaces, negative Sobolev spaces, ...

It is not clear which one is the best choice.

Experiments indicate that L' might be a better choice ...(spatial scale more
relevant than temporal scale ?)

J-L. Stark and his collaborators have studied the decomposion problem from
a sparsepoint of view. Instead of looking for a norm which is small for textures,
there are interested in a representation which is sparse fotextures.
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Future prospects

Future prospects

Almost no work dealing with the problem of parameter selecton.
No work dealing with the problem of spatial adaptivity.

Almost no work dealing with the problem of frequential adaptivity.

Developping the potential applications (inpainting, compression, classi cation)

Questions ?
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