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MultiVariate Data ?

¢ Applications (Biology, Medecine, Environment,
Telecomm.) :
- large systems,
- out of equilibrium,
- dynamical.
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MultiVariate Data ?

¢ Applications (Biology, Medecine, Environment,
Telecomm.) :

- large systems,
- out of equilibrium,
- dynamical.

e Analyses:

- numerous censors,
- heterogeneous censors,

= MultiVariate (MultiComponent) Data

- how much information shared between component ?
- correlated and redundant information ?
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MultiVariate Data ?

¢ Applications (Biology, Medecine, Environment,
Telecomm.) :

- large systems,
- out of equilibrium,
- dynamical.

e Analyses:
- numerous censors,
- heterogeneous censors,

= MultiVariate (MultiComponent) Data

- how much information shared between component ?
- correlated and redundant information ?

e Long memory (long range dependence) :
- slow (algebraic) decrease of correlations in time,
- LM observed independently on each Component,
- a same and single phenomenon ?
- or different causes for LM ?
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Long Memory

e Long Memory :
- Y 2nd order stationary process :
Spectrum : Ty (f) ~ Cr|f|77, |f| = 0,0 <y < 1,
Covariance : yy(7) ~ C,|7|""", |7| — >
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Long Memory

e Long Memory :
- Y 2nd order stationary process :
Spectrum : Ty (f) ~ Cr|f|77, |f| = 0,0 <y < 1,
Covariance : yy(7) ~ C,|7|""", |7| — >
e Self-similarity :
- H-ss:{X(t),t e R} @ (a"X(t/a),t € R}, Va> 0
if X is H-ss,
with stationary increments, Y(k) = X(k + 1) — X(k)
if1/2<H<A1,
then Y is Long Memory with v = 2H — 1.
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Long Memory

e Long Memory :
- Y 2nd order stationary process :
Spectrum : Ty (f) ~ Cr|f|77, |f| = 0,0 <y < 1,
Covariance : yy(7) ~ C,|7|""", |7| — >
e Self-similarity :

- H-ss:{X(t),t e R} @ (a"X(t/a),t € R}, Va> 0
if X is H-ss,
with stationary increments, Y(k) = X(k + 1) — X(k)
if1/2<H<A1,

then Y is Long Memory with v = 2H — 1.

- Fractional Brownian motion By(t) :
Gaussian H-ss, with stationary increments
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Bivariate Long Memory

o Z={Z(t)}tez = A{[X(1), Y(D)]}tez
bivariate long memory process iff
N—th order increment process : Z(t) = 6NZ(t) :
- is stationary,
- has spectral and inter-spectral densities (—7 < f < 7) :

. —20()(
rx(f) = x[t-e | i
. 72ay
ry(f) = Qv[t-e | "y
Mgl = Qu(1—e7) " (1-¢") i),
- Q. positive multiplicative factors,
- oy € [0,05],

- T, (f) non-negative, symmetric,
with limit 1 at |f| — 0, hence modeling short memory.
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Fractal Connectivity

Coherence Function :
Cy i (f) = — el
Xy V(O (D
Bivariate long memory :
Ciy () ~i—o Colf|~ (o —oxav)
with axy = ay + ap,

with Co = ‘912‘/\/95(937.

Positive definite :
0< Cy(y(f) <1 = axy <ax+ ay.

Fractal Connectivity :
‘Co 7é0and axy = ax + ay.
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Wavelets and Long Memory

. A
o Wavelets : . J 1V
- Mother-Wavelet ¢ : Oscillating pattern, 5% >—;
- Number of vanishing moments N, :
Vk=0,..,N—1,

[ tdo(t)at = 0and [, tNuo(t)dt # 0.
- Basis : {tx(t) = 271/2qp0(27t — K)},
- Coefficients of Y : dy(j, k) = (¥jk, Y)
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Wavelets and Long Memory

e Wavelets : . y
- Mother-Wavelet ¢ : Oscillating pattern, 5% >—;
- Number of vanishing moments N, :
Vk=0,..,N—1,

[ tdo(t)at = 0and [, tNuo(t)dt # 0.
- Basis : {tx(t) = 271/2qp0(27t — K)},
- Coefficients of Y : dy(j, k) = (¥jk, Y)

¢ Wavelets and 2nd order bivariate stationary processes :
- Eldx(j. k)] = [ Tx(H)2/|Wo(2'f)2df,
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Wavelets and Long Memq

AN m
e Wavelets : . RY

time (s)

- Mother-Wavelet ¢ : Oscillating pattern, =) 0 7
- Number of vanishing moments N, :
Vk=0,..,N—1,
I t"wo(t = 0and [, tNyo(t)dt # 0.
- Basis : {1 k(t) = 27/2¢(27/t — k)},
- Coefficients of Y : dy(j, k) = (¥ k, Y)

e Wavelets and 2nd order bivariate stationary processes :
- E|dx(j, k)]? = Jr Tx(f )21 | Wy (2/F)|2df,

e Wavelets and LRD :
- E|dy(j, k)|? ~ C2/CH=1) for 2/ — 400,
- S(j) = £ 3¢ 1dv (G K2, |
- Logscale Diagram : log, S(j) vs. log, 2/ = J, W

- H=1(1+3k, wlog, S())

LD for Byte count H=0.9

2ms 16ms 128ms 1s 8s  64s
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lllustration : Internet Traffic
e Aggregated Count Times Series :

X 1U

3
100 Packet X Byte Y
2
50
1
0 0

¢ Logscale Diagrams :

26

log,S,(2) log,S.,(2)
6 24
4 - 22 d
- Packet X 7 ByteY
j ax=0.2 j ch=O.24
2 20
5 10 5 10

¢ A single Long Memory or different phenomena ?
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Wavelets and bivariate Long Memory

¢ Wavelets and 2nd order bivariate stationary processes :
- E|dg(j, k)2 = [, T ()2 Wo(2F) 20,
- Eldy(j, k)2 = [ Ty (N2 Fo(201) 2,
- Bdg (), k) yU k) fR Mg y(H)2/Wo(2/1)[2af.
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Wavelets and bivariate Long Memory

¢ Wavelets and 2nd order bivariate stationary processes :
- E|dg(j, k)2 = [, T ()2 Wo(2F) 20,
- Eldy(j, k)2 = [ Ty (N2 Fo(201) 2,
- Bdg (), k) YU k) fR Mg y(H)2/Wo(2/1)[2af.

e Wavelets and bivariate Long Memory :
if N, > N, and when 2/ — +oc,
- E|dy(j. k) ~ cx@lox ),
- Eldy(j, K)J? ~ cx22(r s,
- Edx(j, k)dy(j, k) ~ cxy22(exr+N),
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Wavelets and Fractal Connectivity

e Wavelet Coherence Function :
vxy(2)) = Edx(j, k)dy (j, k) //Edx(j, k)2Edy(j, k)2

¢ Bivariate long memory :
’YXY(2J) Ozl(axv ax— OZY) 2 — +oo,
with axy = a1 + as,

with v = cxy/\/CxCy.
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Wavelets and Fractal Connectivity

e Wavelet Coherence Function :
vxy(2) = Edx(j, k)dv(j, k) //Edx(j, k)?Edy(j, k)?

¢ Bivariate long memory :
’YXY(2j) ~ mypg2lloxy—ax—ay) 2 _, 4o,
with axy = a1 + as,

with v = cxy/\/CxCy.

e Fractal Connectivity :

’707é0and axy = ax + ay.
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Wavelets and Fractal Connectivity : Estimation
e Estimation :
Eldx(j, k)2 = Sx(2) = 7 Sy k(. k)2,
Eldy(j, k)12 = Sy(2) = 7 S0, dv(i. k)2,

—

Edyx(j, k)dy(j. k) = Sx.v(2) = 7 22, dx (i, K)dy (j. k).
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Wavelets and Fractal Connectivity : Estimation
e Estimation :
Eldx(j, k)2 = Sx(2) = 7 Sy k(. k)2,
Eldy(j, k)12 = Sy(2) = 7 S0, dv(i. k)2,
Edx(j, k)dy(j, k) = Sx,v(2) = £ 2L, d(j, K)dly ().
e Wavelet Coherence Function :
() = 2B

Sx(ZJ)Sy(Zf)

¢ Bivariate long memory :

’YXY(2I) Ozl(axy/ax\aY)
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Wavelets and Fractal Connectivity : Estimation
e Estimation :
Eldx(j, k)2 = Sx(2) = 7 Sy k(. k)2,
Eldy(j, k)12 = Sy(2) = 7 S0, dv(i. k)2,
Edx(j, k)dy(j, k) = Sx,v(2) = £ 2L, d(j, K)dly ().
e Wavelet Coherence Function :
() = 2B

Sx(ZJ)Sy(Zf)

¢ Bivariate long memory :

’YXY(2I) Ozl(axy/ax\aY)

e Fractal Connectivity :

Ao # 0 and axy — ax — ay = 0.
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[llustration : Internet Traffic

e Aggregated Count Times Series :
100 Y

Packet X

50

0

e Logscale Diagrams :

8 26 ; 16 ;
log,S,,(2) log,S.(2) log, IS, .

6 24 14 \/\
4 - 22 ’ 12

- Packet X 7 ByteY e

i o,=0.2 i a,=0.24 i o,,=0.44

2 ] X 20 ] & 10 ] xy

5 10 5 10 5 10

¢ A single Long Memory or different phenomena ?
dxy = ax + ay? axy —ax —ay =07
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Wavelet Test for Fractal Connectivity

e Fisher z—transform :

~ i 1 ol
2xr(2)) = §In {223
Zxy(2) = %In 1+"’XY(2;

i ; 1—yxy (2)’
o°(2) = A3

L N(zxy(@),0(2))),
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Wavelet Test for Fractal Connectivity

e Fisher z—transform :

2er(2) = §In 2B £ N (20(2).0(2),
Zxy(2) = 3 In F2B),
(2j) n/ 3"
e Null Hypothesis :
Ho - ny(2J1) = ny(2J1+1) =... = ny(2J2)

jE [J1,J2],J—J2—J1 + 1.
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Wavelet Test for Fractal Connectivity

e Fisher z—transform :

N . d . .
2xv(2) = 1in P28 & N2 (2), 0(2),
2xr(2) = }In {2,
(2j) n/ 3"
e Null Hypothesis :
Ho - ny(2J1) = ny(2J1+1) =... = ny(2J2)

jE[J1,J2],J S —Jy + 1.
e Test Statistics :

Z (ny(2l) Z/'JEJ1 2XY(Z/)/UZ(Z"))Z
J=dn 02

332, 1/0%(2)
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Wavelet Test for Fractal Connectivity

Fisher z—transform :

[ )
Zxy(2) = 3 12%%; L N(zxr(2),0(2)),
Z0r(2)) = 3 In 7205,
?(2) = 715
e Null Hypothesis :
Ho - ny(2J1) = ny(2J1+1) =... = ny(2J2)
jE[J1,J2],J Jo — Ji +1.
o Test Statistics :

. . 2
52, 2xv (@) /0P (2)
)/ im0
Z’ 5 7 (ZXY(2) SR, 1/0%(2)
Test Formulation :
Under Ho, VJ ~ X%J—U’
Significance Level : « A
Test:d, =1if V;, > C,(«), d; = 0 otherwise.
X
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Test Statistics : lllustration on Synthetic Data :

e Test Statistics :
Under Hy, V; ~ X(ZJ 1) central X2,
X

Under Hy, V) ~ 2 _1).v, » Non central x2 with

J2 2000\ 2
J 1 ; 22y 2xv(2)/o%(2)
Vo= 2jcu 7@ (ZXY(Z) - ]zh,*% 1/0%(2)
=4
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Test Statistics : lllustration on Synthetic Data :

o Test Statistics :
Under Ho, \A/J ~ XfJ_”, central x?,
Under Hy, V; ~ X(ZJ_U»VJ , Non central x? with

) 1Y o2 (2) 2
o . ) 2, Zxv(2))/05(2))
Vo =5 (ZMZ) T TrE @)

e Monte Carlo Simulations : 1024 realizations,

T
X
0.1 01
2
X
0.051#-77" 0.05
v
0 L 0
0 10 20 30
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Motivation

Fractal Connectivity

Long Memory and Wavelets

Wavelet Test for Fractal Connectivity

lllustration on Synthetic Data : Hy

e Under Hy, no short-memory :

10

log,S,(2) log,S,(2) 14
5
0 1.2
i
-5
5 10 os 5 10 1
log,S, (2 | g,y ()
0.8
0.5
-1
15 d
5 10 5 10
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N O N A ON

Motivation

e Under Hy, with short-memory :

Fractal Connectivity

Long Memory and Wavelets

Wavelet Test for Fractal Connectivity

lllustration on Synthetic Data : Hy

10

log,S, (2) log,S. (2)
5
0
-5
5 10 o 5 10
log,S, (2 log,,.,(2)
-0.5
-1
15
5 10 5 10
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Performances on Synthetic Data

| axy =0.4-[J1,d] =[-,13] - 10% significance |
Gaussian no short memory - Cy = 0.7
|| 5] 6] 7] 8] 9] 10] 11
d,||11.0] 96| 91| 86| 93| 90| 85
py || 0.51 | 0.51 | 0.51 | 0.51 | 0.51 | 0.51 | 0.51
Gaussian ARMA(1,1) - C; = 0.7
J|| 5] 6] 7] 8 9[ 10| 11
d;|66.7335|215|144 | 112 | 89| 9.2
py | 0.12 1 0.29 | 0.38 | 0.45 | 0.50 | 0.51 | 0.52

TAB.: Scale range. Mean test decisions (in %) and p-values for
different values of Ji, without (top) and with (bottom) Short Memory.
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15

-0.5

Wavelet Test for Fractal Connectivity

@

Motivation Fractal Connectivity Long Memory and Wavelets
lllustration on Synthetic Data : H;
e Under Hy, no short-memory :
log,S, (2) 10 log,S. (2)
5
0
-5
5 10 5 5 10
10g,S,(2) log,,(2)
0
-2
-4
-6
5 10 5 10
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Performances on Synthetic Data

| [J1, Jo] = [7,13] - 10% significance |
Test decisions - mean rejection rates d; (in %)
axy || 04]035] 03]025] 0.2

Co=05]| 94| 227|429 | 549 56.8
Co=0.71103 || 51.9 | 83.0 | 89.2 89.3
Co=09| 87 (993|999 999 99.9
Mean p-value py

axy | 04]035] 03[025] 0.2
Cy=051051|0.38|025]|0.18 0.16
Cy=0.7]050 || 0.18 | 0.06 | 0.04 0.04
Co=0.9 050 || 0.00 | 0.00 | 0.00 0.00

TaB.: Test performance. Mean test decisions (top) and p-values
(bottom) for different values of Cy and axy.
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[llustration : Internet Traffic

¢ Aggregated Count Times Series : M :W

e No anomaly in Traffic :
26

8 |ogzsx(21) . |ogzsy(21) 1 i
i \A//\ 2 \\/ ZXY(ZJ) dJ:O’ pJ:O.99

- 22 < 0.8
< Packets:a,=0.2 _ 7 Volume:a, =0.24
i i

5 10 5 10 0.6
16 . 05 ; .
10g,S,(2) . %YXY(Z) d;=0, p;=0.99
14 1 -
Lis T AN 0.4
12 - . 0,044 | -2 \
1 i . i 0.2
5 10 i 5 10 5 10

- p- value is high, test does not reject,

- a single Long Memory in Bytes and Packets Counts,
e Anomalies in Traffic :

- p-value is low, test rejects,

- LM in Bytes and Packets Counts is no longer related.
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Conclusions

e Fractal Connectivity ?

- A single mechanism controls long memory on all
components of multivariate data ?
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Conclusions

e Fractal Connectivity ?

- A single mechanism controls long memory on all
components of multivariate data ?

e Long memory ?
- Think wavelet !
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Conclusions

e Fractal Connectivity ?

- A single mechanism controls long memory on all
components of multivariate data ?

e Long memory ?
- Think wavelet !
¢ Test for Fractal Connectivity ?

- Wavelet Coherence Function,
- Fisher z-Transform,
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Conclusions

Fractal Connectivity ?

- A single mechanism controls long memory on all
components of multivariate data ?

Long memory ?
- Think wavelet !
Test for Fractal Connectivity ?

- Wavelet Coherence Function,
- Fisher z-Transform,

Internet Traffic ?

- Long memory in Packets and Bytes are related,
- Anomalies breaks the single mechanism.
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Conclusions

Fractal Connectivity ?

- A single mechanism controls long memory on all
components of multivariate data ?

Long memory ?
- Think wavelet !

Test for Fractal Connectivity ?
- Wavelet Coherence Function,
- Fisher z-Transform,

Internet Traffic ?

- Long memory in Packets and Bytes are related,
- Anomalies breaks the single mechanism.
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