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First-passage times and reaction 

kinetics in confined media



!T"

!T" = #• In absence of confinement : 

!T" < #• In presence of confinement : 

 : mean first-passage time (MFPT) of a symmetric random walker 

!T"How does depend on the confinement and on the 

transport process?

• Microscopic scale:   diffusion limited reactions

How long does it take a random walker 

First-passage time

to reach a target site ? 

Many physical processes are controlled by first-encounter properties :

• Macroscopic scale:  search processes (animals looking for food ...)

First-passage statistics : First definitions



Experimental context : 

Reactivity in confined media

S

T

2. the distance r between S and T ?

r

!T"How depends on 

Example : biomolecules (DNA-
binding protein) reacting at a specific 

location (specific gene) in a cell 

lim
N!"

!T" = # !T",  but how grows with N ?

Is the initial position of the reactant an important 
parameter of the kinetics ?

1. the confining volume N  ?

3. the transport process ?

Effects of crowding, anomalous diffusion...



Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) $ t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (2)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain

the following hierarchy satisfied by the moments of the
FPT :
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where
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(Wji(n) # W stat
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In the large volume limit, (44) can be approximated by

!Tn
TS" = n

!

j

(HTT # HTS + HjS # HjT )!Tn!1
Tj ". (6)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time ! = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(!) = (1 # #TS)"(!) + #TS#(!) (7)

where the " function corresponds to trajectories hitting
the target without reaching the boundary within a time
of order rdw much smaller that !T "S . In turn, the geo-
metrical factor 1##TS can be interpreted as the proba-
bility of these trajectories. We stress that the geometrical
weight #TS , the scaling variable ! and the scaling func-
tion # are explicitly determined in SI. This results defines
universality classes of FPT distributions as detailed be-
low.

In the non compact exploration case, defined by dw <
df and which corresponds qualitatively to trajectories
leaving many sites unvisited, we find :
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!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

!T"S=T = 0 (3)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r

2(t) $ t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!
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wjSP (TTj = n # 1) (4)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
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Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (9)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time
of order rdw much smaller that !T "S . In turn, the geo-
metrical factor 1##TS can be interpreted as the proba-
bility of these trajectories. We stress that the geometrical
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!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

!T"S=T = 0; (3)

!T"S = 1 +
1

2
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A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) $ t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are

interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (5)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (10)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time

(quasi) 1D geometries

[Redner…]
!"" !

Averages over starting point
[Montroll…]

Theoretical context:
[highly non-exhaustive biblio…]

Main ingredient : backward equation.
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!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

!T"S=T = 0; (3)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r

2(t) $ t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (4)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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In the large volume limit, (47) can be approximated by
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Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (9)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time
of order rdw much smaller that !T "S . In turn, the geo-
metrical factor 1##TS can be interpreted as the proba-
bility of these trajectories. We stress that the geometrical

follows from
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It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.
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!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

!T"/N $ rdw"df (5)

"(t) $ C/t1+! (6)

Prob.(T = t) $ C!n"/t1+! (7)

!n" $ N(A # B/r) (8)

!T"return = 1/Pstat = N (9)

(d = 3)
dw = 2/#
A first step to estimate the kinetics of transport in-

fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is

the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (10)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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abstract
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INTRODUCTION

Cell polarisation is an essential step for many biological
processes such as cell division, cell migration or morpho-
genesis in widely varying cell types for example yeast,
dictyostelium, neutrophils and neurons. Polarisation is
characterised in its early stages by a inhomogeneous dis-
tribution of specific molecular markers. The formation
of a polarisation axis can either be spontaneous [? ? ? ],
or determined in response to an external signal such as a
chemical gradient. For example, pheromone gradients in
mating budding yeast cause the cell to grow an elonga-
tion known as a shmoo in the direction of the pheromone
source; in the case of nerve cells, external gradients direct
the growth of the growth cone.

The failure of polarisation of cells treated with drugs,
which inhibit the polymerisation of cytoskeletal fila-
ments, implies a crucial role for the cytoskeleton [? ],
which has been suggested to induce an e!ective positive
feedback [? ? ? ? ] in the dynamics of polarisa-
tion markers. Here we present a simple analytical model
taking into account explicitly the coupled dynamics of
the markers and the cytoskeleton, which shows that the
dynamical organisation of cytoskeletal filaments dictates
the polarisation ability of cells. Our model captures the
main features of recent experiments of cell polarisation
on budding yeast and growth cone of nerve cells, and
provides a minimal mechanism of polarisation of cells in-
duced by active transport.

The role of actin in yeast polarisation has been much
debated over the past decade. ? ] highlight the di!er-
ing roles of actin associated with actin cables, which are
required for maintenance of polarity, and actin patches
on the membrane, which are involved in endocytosis of
polarity marker proteins. The classic experiments by ?

] used the inhibitor of actin polymerisation, latrunculin-
A, to clearly demonstrate that actin in yeast is contin-
ually undergoing assembly and disassembly. They fur-
ther showed that actin is required for the maintenance
of polarisation and suggest that there are two paths for
the establishment of polarisation one of which depends

on actin and the other independent. It is well known
that one mechanism of polarisation in yeast relies on pre-
existing ‘landmarks’ left by the previous budding event.
More recent experiments have indicated the existence of
an actin independent mechanism even in the absence
of landmarks, which appears to require Bem1 and the
Cdc42 GTPase cycle [? ? ]. However the e"ciency of
formation of polar caps is reduced when actin transport
is disrupted using LatA or myosin mutants and the po-
lar caps formed are unstable (not ‘maintained’) [? ? ].
Some attempts to model an actin independent mecha-
nism of polarisation have been made and interestingly
these models also do not produce stable polarised sates
[? ].

In the literature the word polarisation is used to mean
a variety of di!erent things. Here we take the meaning
most natural to physicists; polarisation is the symmetry
breaking of a homogeneous system to form a stable state
with di!ering properties at spatially distinct points. Ap-
plied to the biological system of interest this translates
to the process by which the first polarity markers form a
stable asymmetric pattern. This di!ers from one biolog-
ical definition of polarisation being the formation of an
asymmetric cell shape, since the distribution of polarity
markers is known to be asymmetric before the symmetric
cell shape changes.

A number of recent studies have attempted to model
aspects of polarisation. There have been several actin
independent reaction-di!usion models proposed usually
involving some kind of local excitation and global inhibi-
tion [? ] for example in dictyostelium [? ? ]. ? ] present
a biochemical model involving mutually inhibitory ‘front-
ness’ and ‘backness’ signal pathways. They suggest actin
polymerisation and acto-myosin contraction play essen-
tial roles. Their ideas are extended mathematically and
numerically by ? ] and ? ]. ? ] include actin as a regu-
lating factor (increasing the disassociation of certain pro-
teins from the membrane) however they do not consider
the geometry of the actin cytoskeleton. ? ] performed
simulations of the maintenance of a polarised system in
budding yeast. They treat the cytoskeleton in an e!ec-
tive way as a rectangular or Gaussian window of directed
transport, which is an input to their model. ? ] devel-
oped a model for polarisation defined as the formation of
a single patch from a system initially consisting of two
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genesis in widely varying cell types for example yeast,
dictyostelium, neutrophils and neurons. Polarisation is
characterised in its early stages by a inhomogeneous dis-
tribution of specific molecular markers. The formation
of a polarisation axis can either be spontaneous [? ? ? ],
or determined in response to an external signal such as a
chemical gradient. For example, pheromone gradients in
mating budding yeast cause the cell to grow an elonga-
tion known as a shmoo in the direction of the pheromone
source; in the case of nerve cells, external gradients direct
the growth of the growth cone.

The failure of polarisation of cells treated with drugs,
which inhibit the polymerisation of cytoskeletal fila-
ments, implies a crucial role for the cytoskeleton [? ],
which has been suggested to induce an e ective positive
feedback [? ? ? ? ] in the dynamics of polarisa-
tion markers. Here we present a simple analytical model
taking into account explicitly the coupled dynamics of
the markers and the cytoskeleton, which shows that the
dynamical organisation of cytoskeletal filaments dictates
the polarisation ability of cells. Our model captures the
main features of recent experiments of cell polarisation
on budding yeast and growth cone of nerve cells, and
provides a minimal mechanism of polarisation of cells in-
duced by active transport.

The role of actin in yeast polarisation has been much
debated over the past decade. ? ] highlight the di er-
ing roles of actin associated with actin cables, which are
required for maintenance of polarity, and actin patches
on the membrane, which are involved in endocytosis of
polarity marker proteins. The classic experiments by ?

] used the inhibitor of actin polymerisation, latrunculin-
A, to clearly demonstrate that actin in yeast is contin-
ually undergoing assembly and disassembly. They fur-
ther showed that actin is required for the maintenance
of polarisation and suggest that there are two paths for
the establishment of polarisation one of which depends

on actin and the other independent. It is well known
that one mechanism of polarisation in yeast relies on pre-
existing ‘landmarks’ left by the previous budding event.
More recent experiments have indicated the existence of
an actin independent mechanism even in the absence
of landmarks, which appears to require Bem1 and the
Cdc42 GTPase cycle [? ? ]. However the e ciency of
formation of polar caps is reduced when actin transport
is disrupted using LatA or myosin mutants and the po-
lar caps formed are unstable (not ‘maintained’) [? ? ].
Some attempts to model an actin independent mecha-
nism of polarisation have been made and interestingly
these models also do not produce stable polarised sates
[? ].

In the literature the word polarisation is used to mean
a variety of di erent things. Here we take the meaning
most natural to physicists; polarisation is the symmetry
breaking of a homogeneous system to form a stable state
with di ering properties at spatially distinct points. Ap-
plied to the biological system of interest this translates
to the process by which the first polarity markers form a
stable asymmetric pattern. This di ers from one biolog-
ical definition of polarisation being the formation of an
asymmetric cell shape, since the distribution of polarity
markers is known to be asymmetric before the symmetric
cell shape changes.

A number of recent studies have attempted to model
aspects of polarisation. There have been several actin
independent reaction-di usion models proposed usually
involving some kind of local excitation and global inhibi-
tion [? ] for example in dictyostelium [? ? ]. ? ] present
a biochemical model involving mutually inhibitory ‘front-
ness’ and ‘backness’ signal pathways. They suggest actin
polymerisation and acto-myosin contraction play essen-
tial roles. Their ideas are extended mathematically and
numerically by ? ] and ? ]. ? ] include actin as a regu-
lating factor (increasing the disassociation of certain pro-
teins from the membrane) however they do not consider
the geometry of the actin cytoskeleton. ? ] performed
simulations of the maintenance of a polarised system in
budding yeast. They treat the cytoskeleton in an e ec-
tive way as a rectangular or Gaussian window of directed
transport, which is an input to their model. ? ] devel-
oped a model for polarisation defined as the formation of
a single patch from a system initially consisting of two

Blanco, Fournier (2003), Mazzolo (2004) :

Pearson walk of velocity v, and reorientation rate ! 

Independent of ! !

• General boundary conditions

• Residence time in a subdomain V’

V

Generalizations using  Backward Chapman-Kolmogorov equation

Discrete case : KAC formula (1947)
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An exact formula for MFPTs

W (rT , t|rS) =
! t

0
P (rT , t!|rS)W (rT , t! t!|rT )dt!

first visit of T at t’

How to go further ???

Exact, but formal 
expression of the MFPT 

return at T in t-t’

W (r, t|r!)

P (r, t|r!)

 “Renewal equation” : 

the propagator

the first-passage time density

relates

where H(r|r!) =
! "

0
(W (r, t|r!)! 1/N)dt

!T" = N(H(rT |rT ) # H(rT |rS)) [Noh & Rieger (PRL 2004)]



Large volume asymptotics

!T" # N(G0(0)$G0(r))

is proportional to the confining volume N 

(This is not a severe infinite-space approximation of the MFPT !)

!T" # N

!
3
!

ln 2 +
2"

!
+

2
!

ln r

"
If d=2,

G(0) = 1.516386...!T" # N

!
G(0)$ 3

2!r

"
If d=3, with

Explicit dependence in the source-target distance r

2

where !r denotes the Laplace operator and the di"usion
coe#cient has been set to 1. Let F (r!, t|r)dS(r!) be the
probability that the first-passage time at the infinitesi-
mal surface dS(r!) located at r!, starting from r, is t. By
partitioning over the first arrival time t! at a surface ele-
ment dS(r!) of the sphere Sa(rT ), one obtains a renewal
equation [18]

P (rT , t|rS) =
!

r"Sa(rT )
dS(r)

! t

0
P (rT , t! t!|r)F (r, t!|rS)dt!.

(2)
We next assume a " V 1/d, so that P (rT , t|r # Sa(rT )) $
P (rT , t|Sa(rT )) does not depend on r # Sa(rT ). This
condition will be fulfilled in the large V limit consid-
ered in the following. We denote by %T&(Sa(rT )|rS) the
mean FPT at Sa(rT ), and write limt#$ P (rT , t|rS) =
Pstat(rT ). A first order expansion of the Laplace trans-
form of equation (2) in the Laplace variable then yields

lim
N#$

%T&/N = lim
N#$

(H(rT |rT )!H(rT |rS)), (3)

lim
N#$

H(rT |r!)) = G0(r|r!)) =
! $

0
W0(r, t|r!)dt, (4)

where H(r|r!) =
"$
0 (P (r, t|r!)! Pstat(r))dt. Equation

(3) is an extension of a similar form given in [17, 19].
We then consider the large volume limit of equation
(3), with the prescription that all points of the do-
main boundary tend to infinity, and define !a(rT |rS) =
limV#$%T&(Sa(rT )|rS)Pstat(rT ). As can be checked di-
rectly from the definition of H, !a(rT |rS) satisfies the
following boundary value problem in the infinite space:

#
$$%

$$&

!r!a(rT |r) = 0 for r # Rd\Ba(rT )
!a(rT |r) = 0 for r # Sa(rT )!

r"Sa(rT )
"n!a(rT |r)dS(r) = 1.

(5)

Equation (4) constitutes the central result of our method
as it gives exactly the large volume asymptotics of the
mean FPT [20]. As we proceed to show on specific ex-
amples (see figure (2)), this formalism provides a very
good approximate of the mean FPT for finite volumes
of various shapes for any value of the source target dis-
tance. We stress that the large volume asymptotics dif-
fers from the small a limit which was studied in [7–13],
as there are three characteristic lengths in the problem :
a, V 1/d, r = |rT ! rS |. In particular, the r ' a regime is
directly accessible with our approach.

It is noteworthy that rephrased as above, the problem
simply amounts to determining an electrostatic potential
outside a conducting surface Sa(rT ) of charge unity, and
can therefore be tackled with standard techniques. For
example, when Sa(rT ) is a sphere the solution is straight-

forward and yields for the mean FPT:

lim
V#$

%T&/V =

#
$%

$&

1
2#

ln(r/a) for d = 2
$(d/2)
2#d/2

'
1

ad%2
! 1

rd%2

(
for d ( 3

.

(6)
This result is compatible with the form found in [21] using
a di"erent method.

Besides the very useful analogy with potential theory,
we will show in the following that the advantage of the
formulation (4) is threefold. (i) First, it can be adapted
to other geometries and in particular to various examples
of extended targets, such as an escape window in the do-
main boundary. It therefore extends the main result of
[17] obtained in discrete space for a point-like target. (ii)
Second, as the derivation of equation (4) is independent
of the operator !, it can be reproduced for any displace-
ment operator L. In the general case, equation (4) still
holds, but with ! to be substituted by the adjoint oper-
ator L+, and "n!a to be substituted by the flux of !a.
(iii) Last, and following the previous remark, the formu-
lation (4) can be extended to the case of a random walker
experiencing an external force field.

We first show that equation (4) can be extended to
the example of an escape window Wa(rT ) of small typ-
ical radius a centered at rT # "%, which is precisely
the narrow escape problem. It will be useful to write
Wa(rT ) = "% ) B!

a(rT ) where B!
a(rT ) is a small volume

of typical thickness $. We then set S!
a(rT ) $ %)"B!

a(rT ).
We now derive the mean NET through S!

a(rT ), and we
will use the fact that lim!#0 S!

a(rT ) = Wa(rT ) to obtain
the mean NET through Wa(rT ). Following step by step
the previous derivation, we obtain

%T&(S!
a(rT )|rS)Pstat(rT ) = H(rT |S!

a(rT ))!H(rT |rS).
(7)

We now take the infinite volume limit keeping r fixed,
with the prescription that % tends to the half space Rd

+
delimited by the hyperplane containing Wa(rT ), and de-
fine limV#$%T&(S!

a(rT )|rS)Pstat(rT ) = !!
a(rT |rS). One

can show that !!
a(rT |r) then satisfies:

#
$$$$%

$$$$&

!r!!
a(rT |r) = 0 for r # Rd

+\B!
a(rT )

!!
a(rT |r) = 0 for r # S!

a(rT )
"n!!

a(rT |r) = 0 for r # "Rd
+!

r"S!
a(rT )

"n!!
a(rT |r)dS(r) = 1.

(8)

This shows that !!
a(rT |r) is the electrostatic potential in

a half space delimited by an isolating hyperplane contain-
ing a conducting window S!

a(rT ) of charge unity. Taking
$ to 0 gives the mean NET through Wa(rT ). In the case
of a spherical window Wa(rT ), the solution of (7) can be
exactly given. For d = 3, we obtain in oblate spheroidal
coordinates [22]:

lim
V#$

%T&/V =
1

2#a
arctan % =

1
4a
! 1

2#r
+ o

'
1
r

(
(9)
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where !r denotes the Laplace operator and the di"usion
coe#cient has been set to 1. Let F (r!, t|r)dS(r!) be the
probability that the first-passage time at the infinitesi-
mal surface dS(r!) located at r!, starting from r, is t. By
partitioning over the first arrival time t! at a surface ele-
ment dS(r!) of the sphere Sa(rT ), one obtains a renewal
equation [18]

P (rT , t|rS) =
!

r"Sa(rT )
dS(r)

! t

0
P (rT , t! t!|r)F (r, t!|rS)dt!.

(2)
We next assume a " V 1/d, so that P (rT , t|r # Sa(rT )) $
P (rT , t|Sa(rT )) does not depend on r # Sa(rT ). This
condition will be fulfilled in the large V limit consid-
ered in the following. We denote by %T&(Sa(rT )|rS) the
mean FPT at Sa(rT ), and write limt#$ P (rT , t|rS) =
Pstat(rT ). A first order expansion of the Laplace trans-
form of equation (2) in the Laplace variable then yields

lim
N#$

%T&/N = lim
N#$

(H(rT |rT )!H(rT |rS)), (3)

lim
N#$

H(rT |r!)) =
! $

0
W0(r, t|r!)dt, (4)

where H(r|r!) =
"$
0 (P (r, t|r!)! Pstat(r))dt. Equation

(4) is an extension of a similar form given in [17, 19].
We then consider the large volume limit of equation
(4), with the prescription that all points of the do-
main boundary tend to infinity, and define !a(rT |rS) =
limV#$%T&(Sa(rT )|rS)Pstat(rT ). As can be checked di-
rectly from the definition of H, !a(rT |rS) satisfies the
following boundary value problem in the infinite space:

#
$$%

$$&

!r!a(rT |r) = 0 for r # Rd\Ba(rT )
!a(rT |r) = 0 for r # Sa(rT )!

r"Sa(rT )
"n!a(rT |r)dS(r) = 1.

(5)

Equation (5) constitutes the central result of our method
as it gives exactly the large volume asymptotics of the
mean FPT [20]. As we proceed to show on specific ex-
amples (see figure (2)), this formalism provides a very
good approximate of the mean FPT for finite volumes
of various shapes for any value of the source target dis-
tance. We stress that the large volume asymptotics dif-
fers from the small a limit which was studied in [7–13],
as there are three characteristic lengths in the problem :
a, V 1/d, r = |rT ! rS |. In particular, the r ' a regime is
directly accessible with our approach.

It is noteworthy that rephrased as above, the problem
simply amounts to determining an electrostatic potential
outside a conducting surface Sa(rT ) of charge unity, and
can therefore be tackled with standard techniques. For
example, when Sa(rT ) is a sphere the solution is straight-

forward and yields for the mean FPT:

lim
V#$

%T&/V =

#
$%

$&

1
2#

ln(r/a) for d = 2
$(d/2)
2#d/2

'
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(6)
This result is compatible with the form found in [21] using
a di"erent method.

Besides the very useful analogy with potential theory,
we will show in the following that the advantage of the
formulation (5) is threefold. (i) First, it can be adapted
to other geometries and in particular to various examples
of extended targets, such as an escape window in the do-
main boundary. It therefore extends the main result of
[17] obtained in discrete space for a point-like target. (ii)
Second, as the derivation of equation (5) is independent
of the operator !, it can be reproduced for any displace-
ment operator L. In the general case, equation (5) still
holds, but with ! to be substituted by the adjoint oper-
ator L+, and "n!a to be substituted by the flux of !a.
(iii) Last, and following the previous remark, the formu-
lation (5) can be extended to the case of a random walker
experiencing an external force field.

We first show that equation (5) can be extended to
the example of an escape window Wa(rT ) of small typ-
ical radius a centered at rT # "%, which is precisely
the narrow escape problem. It will be useful to write
Wa(rT ) = "% ) B!

a(rT ) where B!
a(rT ) is a small volume

of typical thickness $. We then set S!
a(rT ) $ %)"B!

a(rT ).
We now derive the mean NET through S!

a(rT ), and we
will use the fact that lim!#0 S!

a(rT ) = Wa(rT ) to obtain
the mean NET through Wa(rT ). Following step by step
the previous derivation, we obtain

%T&(S!
a(rT )|rS)Pstat(rT ) = H(rT |S!

a(rT ))!H(rT |rS).
(7)

We now take the infinite volume limit keeping r fixed,
with the prescription that % tends to the half space Rd

+
delimited by the hyperplane containing Wa(rT ), and de-
fine limV#$%T&(S!

a(rT )|rS)Pstat(rT ) = !!
a(rT |rS). One

can show that !!
a(rT |r) then satisfies:

#
$$$$%

$$$$&

!r!!
a(rT |r) = 0 for r # Rd

+\B!
a(rT )

!!
a(rT |r) = 0 for r # S!

a(rT )
"n!!

a(rT |r) = 0 for r # "Rd
+!

r"S!
a(rT )

"n!!
a(rT |r)dS(r) = 1.

(8)

This shows that !!
a(rT |r) is the electrostatic potential in

a half space delimited by an isolating hyperplane contain-
ing a conducting window S!

a(rT ) of charge unity. Taking
$ to 0 gives the mean NET through Wa(rT ). In the case
of a spherical window Wa(rT ), the solution of (8) can be
exactly given. For d = 3, we obtain in oblate spheroidal
coordinates [22]:

lim
V#$

%T&/V =
1

2#a
arctan % =

1
4a
! 1

2#r
+ o

'
1
r

(
(9)

with = infinite-space Green function
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Numerical simulations

Theoretical prediction

[Condamin et al. PRL (2005)]
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Example of a percolation cluster in confinement
S

T
MFPT to go from S to T ?

W!(r, t|r") needed

to go further,
assumptions on the infinite-space propagator

!T" = N(H(rT |rT ) # H(rT |rS)) H(r|r!) =
! "

0
(W (r, t|r!)! 1/N)dtwhere

• Renewal equation 

lim
N!"

!T"
N

= G(0) # G(r) G(|r! r!|) "
! "

0
W"(r, t|r!)dt

• Large volume asymptotics of the MFPT

where

Other transport mechanisms ?



r

Mr ! rdf• number of sites enclosed in a circle of radius r :  

where df  is the fractal dimension of the medium

Tr ! rdw• time taken to a random walker to exit a circle of radius r :  

where dw  is the dimension of the walk

Assumptions on the infinite-space problem

W!(r, t|r") ! t#df /dw!
!

|r" r"|
t1/dw

"
• standard scaling assumption of the infinite-space propagator :

[ben-Avraham and Havlin, (2000)]



6

In particular, the mean occupation time is then given by

!Ni" = HiS #HiT + HTT #HST . (10)

We stress that equation (7) gives the exact distribution of the occupation time for all regimes. It follows in particular

that the large time asymptotics of the occupation time distribution is exponential. Actually one can argue in the

general case that the FPT is also exponentially distributed at long times. This comes from the fact that the transition

operator L has a strictly negative discrete spectrum for a finite volume N (see (44)).

Equations (3,6,10) give exact expressions of the first-passage observables as functions of the pseudo-Green function

H. The key point is that as shown in (38), H can be satisfactorily approximated by its infinite space limit, which is

precisely the usual Green function G0:

H(r|r!) $ G0(r|r!) =
! "

0
W0(r, t|r!)dt, (11)

where W0 is the infinite space propagator. Following (23,38), we assume for W0 the standard scaling :

W0(r, t|r!) % t#df /dw!
"
|r# r!|
t1/dw

#
, (12)

where the fractal dimension df characterizes the accessible volume Vr % rd
f within a sphere of radius r, and the

walk dimension dw characterizes the distance r % t1/dw covered by a random walker in a given time t. The form

(12) ensures the normalization of W0 by integration over the whole fractal set. Note that the MSD is then given by

!"r2" % t! with ! = 2/dw. A derivation given in (38) then allows to extract the scaling of the pseudo-Green function

H, and eventually yields for the MFPT:

!T" %

$
%%%%%&

%%%%%'

N(A#Brdw#df ) for dw < df

N(A + B ln r) for dw = df

N(A + Brdw#df ) for dw > df

, (13)

where explicit expressions of A and B are given in (38). In fact, the above analysis of the pseudo-Green functions also

permits to obtain explicit expressions of the splitting propabilities and mean occupation times:

P1 %

$
%%%%%%%%&

%%%%%%%%'

A + B(rdw#df

1S # r
dw#df

2S # r
dw#df

12 )

2(A#Br
dw#df

12 )
for dw < df

A + B ln(r2Sr12/r1S)
2(A + B ln(r12))

for dw = df

A + B(rdw#df

2S + r
dw#df

12 # r
dw#df

1S )

2(A + Br
dw#df

12 )
for dw > df

(14)

• Linear dependence on the volume N   

• A and B depend only on the infinite-space scaling function !

• non-compact exploration (                   ) : memory of the initial position lostdw < df

• compact exploration (                   ): the initial position always mattersdw ! df

General scaling of the MFPT
[Condamin et al. Nature (2007)]



2 = dw < df = 3

Non compact exploration

This result may be obtained by an alternative and comple-
mentary approach. We consider that in the domain there is a
constant flux J of particles per time unit entering the domain
at the source point S. The particles are absorbed when they
reach the target, and, since all particles are eventually ab-
sorbed, we have an outcoming flux J at the target. The aver-
age number of particles in the domain satisfies N=J!T",
which will allow the determination of !T". Indeed, the aver-
age density of particles !#r$ satisfies the following equation:

!#ri$ = %
j

wij!#r j$ + J"iS ! J"iT. #9$

The three terms of the equation correspond, respectively, to
the diffusion of particles, the incoming flux in S, and the
outgoing flux in T. This is exactly the same equation as Eq.
#3$, with the same condition !#rT$=0, and thus admits a
similar solution, with the difference that the total number of
particles in the domain is not fixed a priori. The solution is
thus

!#ri$ = !0 + JH#ri&rS$ ! JH#ri&rT$ #10$

which gives, with the condition !#rT$=0 and the relation
J!T"=N=N!0, the same result as before for the mean first-
passage time, namely Eq. #8$. This formula is equivalent to
the one given in '16(, but is expressed in terms of pseudo-
Green functions. One advantage of the present method is that
it may be easily extended to more complex situations, as it
will be shown. Another advantage is that, although the
pseudo-Green function H is not known in general, it is well
suited for approximations when the graph is a bounded regu-
lar lattice. The simplest one in this case is to approximate the
pseudo-Green function by its infinite-space limit, the “usual”
Green function: H#r &r!$)G0#r!r!$, which satisfies

G0#r$ =
1
#

%
r!!N#r$

G0#r!$ + "0r, #11$

where N#r$ is the ensemble of neighbors of r, and # is the
coordination number of the lattice. The value of G0#0$ and
the asymptotic behavior of G0 are well known '24(. For in-
stance, for the 3D cubic lattice, we have G0#0$
=1.516 386. . . and G0#r$)3/ #2$r$ for r large. For the 2D
square lattice, we have G0#0$!G0#r$)#2/$$ln#r$
+ #3/$$ln 2+2% /$, where % is the Euler gamma constant,
and #3/$$ln 2+2% /$=1.029 374. . .. These estimations of G0
are used for all the practical applications in the following. In
some cases #especially in three dimensions when the target is
far from any boundary$, approximating H by G0 will give
accurate results #see Fig. 2$. The small correction is due to
boundary effects, which are further discussed in Sec. IV. In
other cases it will only give an order of magnitude. In the
case of a rectangular or parallepipedic domain an exact ex-
pression of H is known '26(, and the FPT from any point to
any other point in the domain can be computed exactly. This
exact result and simple approximations, which can be used in
other cases, are given in Appendix A.

B. Application: Absorbing opening in a reflecting boundary

Another situation that may arise and can easily be dealt
with is the case of an absorbing opening in a #locally$ flat
reflecting boundary of a bounded domain: we are interested
in the mean time a particle takes to exit from the domain, if
it may only exit by this opening #see Fig. 3$. We only con-
sider regular lattices of dimension d=2 or 3. We can define a
target site, just behind the flat boundary. The problem here is
that the pseudo-Green function for the domain plus the target
site is difficult to compute, whereas the pseudo-Green func-
tion near a flat boundary can be easily evaluated, and is even
known exactly if the domain is rectangular or parallepipedic.
To solve this problem, we will call the site next to the target
the approach site A. We indeed have to go through this ap-
proach site in order to reach the target site. We will call !T"ST

the average time to reach the target site, starting from the
source; !T"SA is the average time to reach the approach site,
still starting from the source; !T"AA is the average time to
return to the approach site, assuming the random walk does
not go to the target site after exiting the approach site; !T"AT

is the average time to reach the target site, starting from the
approach site. We have the following equations:

FIG. 2. #Color online$ Three dimensions: Influence of the dis-
tance between the source and the target. Red diamonds: simula-
tions; blue dashed line: evaluation of the FPT with H=G0. The
domain is a cube of side 41, the target being in the middle of it. All
the simulation points correspond to different positions of the source.

FIG. 3. Opening in a flat reflecting boundary

RANDOM WALKS AND BROWNIAN MOTION: A METHOD OF… PHYSICAL REVIEW E 75, 021111 #2007$

021111-3

d=3, cube of side 41, target centred

red: numerical simulations

blue: approximate MFPT

3D Lattice Random Walks
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Compact exploration 

• data for different sizes collapse

• good agreement with the 
theoretical curve 

Source target distance

Critical percolation clusters
[Condamin et al, PNAS (2008)]

Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r

2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to

reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (5)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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which can be inverted into
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where

Hji =
#!

n=0

(Wji(n) # W stat
j (n)) (8)

In the large volume limit, (48) can be approximated by

!Tn
TS" = n

!

j

(HTT # HTS + HjS # HjT )!Tn"1
Tj ". (9)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (10)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time
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Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"S = 1 +
1

2
(!T"S"1 + !T"S+1) (4)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) $ t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are

interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (5)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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which can be inverted into
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where

Hji =
#!

n=0

(Wji(n) # W stat
j (n)) (8)

In the large volume limit, (48) can be approximated by

!Tn
TS" = n

!

j

(HTT # HTS + HjS # HjT )!Tn"1
Tj ". (9)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (10)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time

• Kac formula gives

More about A and B:
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[Benichou et al. prl (2008)]

Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"(r $ 0) = 0 (4)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r

2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to

reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (5)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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where
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j (n)) (8)

In the large volume limit, (48) can be approximated by

!Tn
TS" = n

!

j

(HTT # HTS + HjS # HjT )!Tn"1
Tj ". (9)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (10)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time

and therefore

Universality classes of first-passage time distributions
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It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"(r = 1) = N (4)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r

2(t) $ t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to

reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (5)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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which can be inverted into
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(7)
where

Hji =
#!

n=0

(Wji(n) # W stat
j (n)) (8)

In the large volume limit, (48) can be approximated by

!Tn
TS" = n

!

j

(HTT # HTS + HjS # HjT )!Tn"1
Tj ". (9)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (10)

where the # function corresponds to trajectories hitting
the target without reaching the boundary within a time

and therefore
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Extension (ii) :  case of competitive reactions
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Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

!T"/N $ rdw"df (5)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is

characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (6)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :

!

j

wjS!Tn
Tj" =

n!

k=0

"
n

k

#
(#1)k!Tn"k

TS ", (7)

which can be inverted into

!Tn
TS" =

!

j

n!

k=1

"
n

k

#
(#1)k+1(HTT#HTS+HjS#HjT )!Tn"k

Tj ".

(8)
where

Hji =
#!

n=0

(Wji(n) # W stat
j (n)) (9)

In the large volume limit, (48) can be approximated by
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Tj ". (10)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time " = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(") = (1 # #TS)#(") + #TS$(") (11)

Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

!T"/N $ rdw"df (5)

"(t) $ C/t1+! (6)

Prob.(T = t) $ C!n"/t1+! (7)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here

we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (8)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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In the large volume limit, (50) can be approximated by

!Tn
TS" = n

!

j

(HTT # HTS + HjS # HjT )!Tn"1
Tj ". (12)

Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time # = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
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It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

!T"/N $ rdw"df (5)

"(t) $ C/t1+! (6)

Prob.(T = t) $ C!n"/t1+! (7)

!n" $ A # B/r (8)

(d = 3)
dw = 2/#
A first step to estimate the kinetics of transport in-

fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,

and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (9)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)
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"(t) $ C/t1+! (6)

Prob.(T = t) $ C!n"/t1+! (7)

!n" $ N(A # B/r) (8)

(d = 3)
dw = 2/#
A first step to estimate the kinetics of transport in-

fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,

and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!

j

wjSP (TTj = n # 1) (9)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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FPTs and subdiffusion

“Fractal” static medium

 [PNAS 2008]

Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

!T"/N $ rdw"df (5)

"(t) $ C/t1+! (6)

A first step to estimate the kinetics of transport in-
fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.
However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!
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wjSP (TTj = n # 1) (7)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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In the large volume limit, (50) can be approximated by
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Indeed we show that the relevant quantity is not the time
t itself, but rather the rescaled time # = t/!T "S , where

!T "S stands for the MFPT to the target site rT , averaged
over the initial position. We demonstrate in SI that in
the limit of large volume, the distribution of this rescaled
variable admits the following universal form

GTS(#) = (1 # #TS)$(#) + #TS"(#) (12)

“Dynamic” crowded medium

Continuous Time RW

Universality classes of first-passage time distributions
(Dated: January 11, 2009)

It has been appreciated for long that transport properties can influence reaction kinetics. This
e!ect ,which has been proved limiting in several situations, and especially in the context of reactions
in cells where very small number of reactants are involved, can be quantified by the time it takes
a di!using molecule to reach a target, the so-called first-passage time.Recently, the first moment
of this quantity – the mean FPT – has been calculated. Here, despite the inherent complexity of
the problem, we calculate the entire FPT distribution and fully characterize its university classes.
Beyond this theoretical aspect, this result has important consequences, completely changing the
views of standard reaction kinetics. We argue that the geometry can become a key parameter of
reaction kinetics so far ignored in this context, and introduce the concept of ”geometry controlled
kinetics” : as soon as the environment is crowded enough, the spatial organization of reactants
controls the kinetics.

PACS numbers: 87.10.+e,05.40.Fb,05.40.Jc

!S!T"S = #1 (1)

!S!T"S! bound. = 0 (2)

B = 1 (3)

!T"/N $ A + Brdw"df (4)

!T"/N $ rdw"df (5)

"(t) $ C/t1+! (6)

Prob.(T = t) $ C!n"/t1+! (7)

!n" $ A # B/r (8)

(d = 3)
A first step to estimate the kinetics of transport in-

fluenced reactions consists in evaluating first-encounter
properties between reactants. Quantitatively, we are
back to calculate the distribution of the time it takes
a di"using molecule to reach a target site, in presence of
a confinement – the FPT distribution. The issue of de-
termining the importance of geometrical parameters on
this search time has raised a growing interest both ex-
perimentally [Mirny] and theoretically [Nous nature +
Pnas]. More precisely (i) how does it depend on the
volume of the system ? (ii) how does it depend on the
initial position of the walker ? A central related ques-
tion we especially would like to discuss in this article is
the following : is the initial position of the molecule an
important parameter of the kinetics or not ?

A first step in this direction consists in determining
the first moment of the FPT. It has recently be achieved,
and a universal linear scaling with the volume was shown.

However, as soon as the distribution is not exponential,
the first moment contains only a very partial information
on the dynamics. This e"ect has been shown to be espe-
cially important in single molecule experiments ... Here
we show that for reactivity in confinement, there are im-
portant e"ects.

We consider a random walker of position r(t) evolving
on a structure of fractal dimension df . Its dynamics is
characterized by the dimension of the walk dw defined by
: r2(t) % t2/dw(t). We assume that the walker is confined
in a domain of N sites with reflecting walls, and we are
interested in the distribution PTS(t) of the time taken to
reach for the first time the target site T starting from the
site S at a distance r from T .

We start from the equation satisfied by the probability
P (TTS = n)

P (TTS = n) =
!
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wjSP (TTj = n # 1) (9)

obtained by partitioning over the first step of the walk.
Laplace transforming this equation, it is easy to obtain
the following hierarchy satisfied by the moments of the
FPT :
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Very different dependence on geometry

where
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Concluding remarks:  reactivity in confined 

media like cells?
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